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1. SUMMARY 
There exist at least 4 nonisomorphic projective planes of order 9. They determine 
1+2+2+2 = 7 nonisomorphic affine planes of order 9, that is, 7 nonisomorphic transversal 
designs T(lO, 9). These yield 7 xC5°) = 1764 transversal designs T(5, 9), each of which 
defines a strongly regular graph on 81 vertices, and a conference matrix of order 82. We 
show that these constructions reduce to 26 nonequivalent conference matrices of order 
82, which give rise to 175 nonisomorphic strongly regular graphs (81, 40, 19, 20). Our 
tools are considerations of symmetry, use of a computer, and general results such as the 
following. For any strongly regular graph (4JL + 1, 2JL, JL - 1, JL) the number of 4-cliques 
equals the number of 4-cocliques. 
Section 2 recalls the definitions of a transversal design T(k, n), the corresponding 
strongly regular graph and, in the case 2k = n + 1, the conference matrix of order n2 + l. 
Section 3 adds some new results to the general theory of conference matrices (Theorems 
3.3 and 3.4). Section 4 explains the tables, which lead to the results mentioned above. 
Table 1 copies the 7 affine planes of order 9 from [ 4], Table 2 mentions some useful 
permutations, and Table 3 lists the 26 nonisomorphic graphs (81, 40, 19, 20). 
We gratefully acknowledge the collaboration by M. J. van Althuis and the advice by 
H. A. Wilbrink. 
2. TRANSVERSAL DESIGNS 
Let S = {0, 1, 2, ... , n -1} denote a set of n symbols. A k-vector is an element of the 
Cartesian product sk = s X s X 0 X S. A transversal design T( k, n) on s is a set of0 0 
k-vectors, n 2 in number, such that for each pair of coordinate positions each ordered 
pair of symbols from S occurs exactly once. For a fixed pair of positions, the remaining 
k- 2 coordinate positions of a T( k, n) determine k- 2 mutually orthogonal Latin squares 
of the order n. Thus, in the case k = n + 1, we have an affine plane AG(2, n) of order n, 
with n2 points and n + 1 parallel classes of lines. Conversely, any affine plane AG(2, n) 
gives rise to a transversal design T(n+ 1, n). We mention [3] as a general reference for 
transversal designs. 
From any transversal design T(k, n) a strongly regular graph is obtained as follows. 
The n2 vertices of the graph are the k-vectors, and two vertices are adjacent whenever 
the corresponding k-vectors agree in one coordinate position. In the case 2k = n + 1 this 
strongly regular graph, when extended by an isolated vertex, has a special property. Its 
(0, -1, 1 )-adjacency matrix C, defined by 
if {i, j} is an edge, 
if {i, j} is a non-edge, 
if i = j, 
is an orthogonal symmetric matrix of size n2 + 1 satisfying 
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We are interested in the equivalence classes of such matrices modulo simultaneous 
permutations and simultaneous multiplications by -1 of rows and corresponding columns. 
These are called switching classes of conference matrices of order n2 + l. The known 
numbers of non equivalent conference matrices equal I, 4, 18 for n = 3, 5, 7, respectively, 
cf. [1]. We will extend this list for n = 9 by 26 conference matrices of order 82. F. C. 
Bussemaker tells us that he can construct more of these. 
Four nonisomorphic projective planes PG(2, 9) of order 9 are known [3]. Two of them 
are self-dual: the Desargues plane and the Hughes plane. The remaining ones are called 
the Hall plane and its dual. The four planes are related by 'derivation' in the sense of 
Ostrom [3]. 
If in PG(2, 9) one line is deleted, then an affine plane AG(2, 9) results, hence a transversal 
design T(I 0, 9). There exist 1 +2+2+2 = 7 such affine planes [ 4] (the collineation group 
has two orbits on lines in the Hughes, the Hall, and the dual Hall plane). As explained 
in the summary, this yields 1764 conference matrices of order 82. It will turn out that the 
number of nonequivalent matrices among these equals 26. 
3. CONFERENCE MATRICES 
A conference matrix of order v is a symmetric matrix C with zero diagonal, other 
entries ± 1, such that C2 = ( v- 1)I. We refer to [2] for information about the importance 
and use of conference matrices (C-matrices) in combinatorics. Two conference matrices 
cl and c2 of order v are equivalent if there exist a permutation matrix panda diagonal 
matrix D with diagonal entries ± 1 such that 
DC 1D = PC2PT. 
The following theorems are useful in order to distinguish between nonequivalent confer­
ence matrices. 
THEOREM 3.1 If C1 and C2 are equivalent conference matrices and C2 has an isolated 
vertex, then C 1 +I contains a column which equals the diagonal of D ~or its negative). 
PROOF. Let j denote the all-one vector, and let ek denote the characteristic vector of 
the isolated vertex of C2 • Then 
hence e1 := DPek satisfies 
(C1 + l)e1 =DPj = Dj = diag D. 
A conference matrix may be viewed as a switching class of graphs. We shall not 
distinguish between matrix- and graph-terminology (the language of two-graphs [5] would 
be best). A 5-clique in a conference matrix is a principal submatrix which is equivalent 
to Is -Js, and a 5-coclique to Js- Is. Let f denote the number of 5-cliques containing the 
vertex i, and let f = (/, f 2, ••• , r) denote the corresponding 5-clique vector. 
THEOREM 3.2. The 5-clique vectors}; and / 2 of equivalent conference matrices C 1 and 
C2 are related by};= Pfi. 
PROOF. Obvious. 
THEOREM 3.3. Let C 1 and C2 be equivalent conference matrices with isolated vertices 
h and k, respectively. Iff~= f; and f~ ""- f'{' for all m ""- h, then C1 and C2 are isomorphic. 
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PROOF. / 1 = P/2 and the uniqueness of/~ imply eh = Pek. By Theorem 3.1 
diag D = (C 1 + I)Deh = ±(C1 + I)eh = ±j. 
Hence D =±I and C 1 = PC2Pr. 
For a strongly regular graph, let a, {3, y, 8, s, TJ denote the numbers of the 4-vertex 
subgraphs of the following types: 
a {3 -y 8 € T/ 
~rsll6:~DC 
Let a, /3, 'ji, 5, e, ij denote the numbers of the complementary 4-vertex subgraphs. 
THEOREM 3.4. In a strongly regular graph G with 
•(v, k, A, ~-t) = (4~-t + l, 2~-t, 1-t -I, ~-t) 
we have 
a=a, f3 = /3, 'Y = ii, 8 = 5, s=e. 
PROOF. We always have TJ = ij, and s = e will follow as soon as the other relations 
are proved. Fix a triangle .:::1 in G and denote by a..1, 3{3..1, 3y..l, 8..1 the numbers of the 
vertices which are adjacent to 3, 2, I, 0 vertices of .:::1, respectively. Then 
a..1 + 3{3..1 + 3y..l + 8..1 = v- 3 = 4~-t- 2, 
= k- 2 = 2~-t- 2, 
= A- l = 1-t - 2. 
Similar formulae hold with respect to a fixed triangle in the complement G. Summing 
over all N := ~pkA triangles in G we obtain the following conditions for a, {3, y, 8: 
4a+2{3+y+8=(4~-t-2)N; or 4a+2{3+ y+8=(4~-t-2)N; 
4a+1f3+h =(2~-t-2)N; ~f3+h+8=2~-tN; 
4a+~f3 = (~-t-2)N, h+8=~-tN. 
Summation over all triangles in G yields the very same conditions for a, /3, 'ji, 8. To prove 
our claim we need a further equation. This will be 2{3 = 38. Indeed, fix two nonadjacent 
vertices and a third vertex adjacent to both of them. Let gA> ~A> TJA denote the numbers 
of the vertices which are adjacent to all three, to any adjacent pair, and to only the third 
of the vertices. Then 
hence g = TJ A since k- 2 = 2A. ThereforeA 
proving our claim. With the now available data the theorem readily follows. 
4. THE 26 NONEQUIVALENT CONFERENCE MATRICES 
We explain the meaning of Tables l-3 at the end of this paper. 
In Table I we have copied from [ 4] the 7 sets of 8 Latin squares which define the 7 
known nonisomorphic affine planes AG(2, 9). For each plane the 8 mutually orthogonal 
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TABLE I. 
7 sets of mututtlly orthogonal latin squares, describing affine planes of order 9 (copied from [ 4]) 
a, 
0 I 2 3 4 5 6 7 8 
I 2 0 4 5 3 7 8 6 
2 0 I 5 3 4 8 6 7 
3 4 5 6 7 8 0 I 2 
4 5 3 7 8 6 I 2 0 
5 3 4 8 6 7 2 0 I 
6 7 8 0 I 2 3 4 5 
7 8 6 I 2 0 4 5 3 
8 6 7 2 0 I 5 3 4 
as 
0 I 2 3 4 5 6 7 8 
5 3 4 8 6 7 2 0 I 
7 8 6 I 2 0 4 5 3 
8 6 7 2 0 I 5 3 4 
I 2 0 4 5 3 7 8 6 
3 4 5 6 7 8 0 I 2 
4 5 3 7 8 6 I 2 0 
6 7 8 0 I 2 3 4 5 
2 0 I 5 3 4 8 6 7 
a, 
0 I 2 3 4 5 6 7 8 
I 2 0 4 5 3 7 8 6 
2 0 I 5 3 4 8 6 7 
3 4 5 6 7 8 0 I 2 
4 5 3 7 8 6 I 2 0 
5 3 4 8 6 7 2 0 I 
6 7 8 0 I 2 3 4 5 
7 8 6 I 2 0 4 5 3 
8 6 7 2 0 I 5 3 4 
as 
0 I 2 3 4 5 6 7 8 
5 3 4 8 6 7 2 0 I 
7 8 6 I 2 0 4 5 3 
4 5 3 7 8 6 I 2 0 
6 7 8 0 I 2 3 4 5 
2 0 I 5 3 4 8 6 7 
8 6 7 2 0 I 5 3 4 
I 2 0 4 5 3 7 8 6 
3 4 5 6 7 8 0 I 2 
a, 
0 I 2 3 4 5 6 7 8 
I 8 6 5 7 3 2 4 0 
2 4 0 7 I 6 5 8 3 
3 2 I 0 6 7 8 5 4 
4 3 5 I 0 8 7 6 2 
5 7 3 2 8 0 4 I 6 
6 5 4 8 2 I 0 3 7 
7 6 8 4 3 2 I 0 5 
8 0 7 6 5 4 3 2 I 
a2 
0 I 2 3 4 5 6 7 8 
2 0 I 5 3 4 8 6 7 
I 2 0 4 5 3 7 8 6 
6 7 8 0 I 2 3 4 5 
8 6 7 2 0 I 5 3 4 
7 8 6 I 2 0 4 5 3 
3 4 5 6 7 8 0 I 2 
5 3 4 8 6 7 2 0 I 
4 5 3 7 8 6 I 2 0 
ao 
0 I 2 3 4 5 6 7 8 
6 7 8 0 I 2 3 4 5 
3 4 5 6 7 8 0 I 2 
I 2 0 4 5 3 7 8 6 
7 8 6 I 2 0 4 5 3 
4 5 3 7 8 6 I 2 0 
2 0 I 5 3 4 8 6 7 
8 6 7 2 0 I 5 3 4 
5 3 4 8 6 7 2 0 
a2 
0 I 2 3 4 5 6 7 8 
2 0 I 5 3 4 8 6 7 
I 2 0 4 5 3 7 8 6 
6 7 8 0 I 2 3 4 5 
8 6 7 2 0 I 5 3 4 
7 8 6 I 2 0 4 5 3 
3 4 5 6 7 8 0 I 2 
5 3 4 8 6 7 2 0 I 
4 5 3 7 8 6 I 2 0 
ao 
0 I 2 3 4 5 6 7 8 
6 7 8 0 I 2 3 4 5 
3 4 5 6 7 8 0 I 2 
I 2 0 4 5 3 7 8 6 
7 8 6 I 2 0 4 5 3 
Plane I 
a3 
0 I 2 3 4 5 6 7 8 
3 4 5 6 7 8 0 I 2 
6 7 8 0 I 2 3 4 5 
2 0 I 5 3 4 8 6 7 
5 3 4 8 6 7 2 0 I 
8 6 7 2 0 I 5 3 4 
I 2 0 4 5 3 7 8 6 
4 5 3 7 8 6 I 2 0 
7 8 6 I 2 0 4 5 3 
a7 
0 I 2 3 4 5 6 7 8 
7 8 6 I 2 0 4 5 3 
5 3 4 8 6 7 2 0 I 
4 5 3 7 8 6 I 2 0 
2 0 I 5 3 4 8 6 7 
6 7 8 0 I 2 3 4 5 
8 6 7 2 0 I 5 3 4 
3 4 5 6 7 8 0 I 2 
I 2 0 4 5 3 7 8 6 
Plane II 
a3 
0 I 2 3 4 5 6 7 8 
3 4 5 6 7 8 0 I 2 
6 7 8 0 I 2 3 4 5 
2 0 I 5 3 4 8 6 7 
5 3 4 8 6 7 2 0 I 
8 6 7 2 0 I 5 3 4 
I 2 0 4 5 3 7 8 6 
4 5 3 7 8 6 I 2 0 
7 8 6 I 2 0 4 5 3 
a7 
0 I 2 3 4 5 6 7 8 
7 8 6 I 2 0 4 5 3 
5 3 4 8 6 7 2 0 I 
8 6 7 2 0 I 5 3 4 
3 4 5 6 7 8 0 I 2 
4 5 3 7 8 6 I 2 0 I 2 0 4 5 3 7 8 6 
2 0 I 5 3 4 8 6 7 4 5 3 7 8 6 I 2 0 
8 6 7 2 0 I 5 3 4 2 0 I 5 3 4 8 6 7 
5 3 4 8 6 7 2 0 I 6 7 8 0 I 2 3 4 5 
Plane III 
a2 a3 
0 I 2 3 4 5 6 7 8 0 I 2 3 4 5 6 7 8 
2 4 0 7 I 6 5 8 3 3 2 I 0 6 7 8 5 4 
8 0 7 6 5 4 3 2 I 4 3 5 I 0 8 7 6 2 
7 6 8 4 3 2 I 0 5 8 0 7 6 5 4 3 2 I 
3 2 I 0 6 7 8 5 4 6 5 4 8 2 I 0 3 7 
4 3 5 I 0 8 7 6 2 I 8 6 5 7 3 2 4 0 
I 8 6 5 7 3 2 4 0 7 6 8 4 3 2 I 0 5 
5 7 3 2 8 0 4 I 6 2 4 0 7 I 6 5 8 3 
6 5 4 8 2 I 0 3 7 5 7 3 2 8 0 4 I 6 
a4 
0 I 2 3 4 5 6 7 8 
4 5 3 7 8 6 I 2 0 
8 6 7 2 0 I 5 3 4 
5 3 4 8 6 7 2 0 I 
6 7 8 0 I 2 3 4 5 
I 2 0 4 5 3 7 8 6 
7 8 6 I 2 0 4 5 3 
2 0 I 5 3 4 8 6 7 
3 4 5 6 7 8 0 I 2 
as 
0 I 2 3 4 5 6 7 8 
8 6 7 2 0 I 5 3 4 
4 5 3 7 8 6 I 2 0 
7 8 6 I 2 0 4 5 3 
3 4 5 6 7 8 0 I 2 
2 0 I 5 3 4 8 6 7 
5 3 4 8 6 7 2 0 I 
I 2 0 4 5 3 7 8 6 
6 7 8 0 I 2 3 4 5 
a4 
0 I 2 3 4 5 6 7 8 
4 5 3 7 8 6 I 2 0 
8 6 7 2 0 I 5 3 4 
7 8 6 I 2 0 4 5 3 
2 0 I 5 3 4 8 6 7 
3 4 5 6 7 8 0 I 2 
5 3 4 8 6 7 2 0 I 
6 7 8 0 I 2 3 4 5 
I 2 0 4 5 3 7 8 6 
as 
0 I 2 3 4 5 6 7 8 
8 6 7 2 0 I 5 3 4 
4 5 3 7 8 6 I 2 0 
5 3 4 8 6 7 2 0 I 
I 2 0 4 5 3 7 8 6 
6 7 8 0 I 2 3 4 5 
7 8 6 I 2 0 4 5 3 
3 4 5 6 7 8 0 I 2 
2 0 I 5 3 4 8 6 7 
a4 
0 I 2 3 4 5 6 7 8 
4 3 5 I 0 8 7 6 2 
5 7 3 2 8 0 4 I 6 
2 4 0 7 I 6 5 8 3 
8 0 7 6 5 4 3 2 I 
6 5 4 8 2 I 0 3 7 
3 2 I 0 6 7 8 5 4 
I 8 6 5 7 3 2 4 0 
7 6 8 4 3 2 I 0 5 
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TABLE !.-cont. 
a5 
0 I 2 3 4 5 6 7 8 
5 7 3 2 8 0 4 I 6 
7 6 8 4 3 2 I 0 5 
I 8 6 5 7 3 2 4 0 
2 4 0 7 I 6 5 8 3 
8 0 7 6 5 4 3 2 I 
4 3 5 I 0 8 7 6 2 
6 5 4 8 2 I 0 3 7 
3 2 I 0 6 7 8 5 4 
a, 
0 I 2 3 4 5 6 7 8 
I 2 0 4 5 3 7 8 6 
2 0 I 5 3 4 8 6 7 
3 4 5 6 7 8 0 I 2 
4 5 3 7 8 6 I 2 0 
5 3 4 8 6 7 2 0 I 
6 7 8 0 I 2 3 4 5 
7 8 6 I 2 0 4 5 3 
8 6 7 2 0 I 5 3 4 
a5 
0 I 2 3 4 5 6 7 8 
5 3 4 8 6 7 2 0 I 
7 8 6 I 2 0 4 5 3 
8 6 7 2 0 I 5 3 4 
3 4 5 6 7 8 0 I 2 
2 0 I 5 3 4 8 6 7 
4 5 3 7 8 6 I 2 0 
I 2 0 4 5 3 7 8 6 
6 7 8 0 I 2 3 4 5 
a, 
0 I 2 3 4 5 6 7 8 
I 8 7 6 5 4 3 2 0 
2 4 0 8 I 6 5 3 7 
3 2 I 0 8 7 4 5 6 
4 3 8 I 0 2 7 6 5 
5 7 3 2 6 0 8 I 4 
6 5 4 7 2 I 0 8 3 
7 6 5 4 3 8 I 0 2 
8 0 6 5 7 3 2 4 I 
a5 
0 I 2 3 4 5 6 7 8 
5 7 3 2 6 0 8 I 4 
7 6 5 4 3 8 I 0 2 
I 8 7 6 5 4 3 2 0 
2 4 0 8 I 6 5 3 7 
8 0 6 5 7 3 2 4 I 
4 3 8 I 0 2 7 6 5 
6 5 4 7 2 I 0 8 3 
3 2 I 0 8 7 4 5 6 
a6 a7 
0 I 2 3 4 5 6 7 8 0 I 2 3 4 5 6 7 8 
6 5 4 8 2 I 0 3 7 7 6 8 4 3 2 I 0 5 
I 8 6 5 7 3 2 4 0 3 2 I 0 6 7 8 5 4 
4 3 5 I 0 8 7 6 2 6 5 4 8 2 I 0 3 7 
5 7 3 2 8 0 4 I 6 I 8 6 5 7 3 2 4 0 
7 6 8 4 3 2 I 0 5 2 4 0 7 I 6 5 8 3 
8 0 7 6 5 4 3 2 I 5 7 3 2 8 0 4 I 6 
3 2 I 0 6 7 8 5 4 8 0 7 6 5 4 3 2 I 
2 4 0 7 I 6 5 8 3 4 3 5 I 0 8 7 6 2 
Plane IV 
a2 
0 I 2 3 4 5 6 7 8 
2 0 I 5 3 4 8 6 7 
I 2 0 4 5 3 7 8 6 
6 7 8 0 I 2 3 4 5 
8 6 7 2 0 I 5 3 4 
7 8 6 I 2 0 4 5 3 
3 4 5 6 7 8 0 I 2 
5 3 4 8 6 7 2 0 I 
4 5 3 7 8 6 I 2 0 
a6 
0 I 2 3 4 5 6 7 8 
6 7 8 0 I 2 3 4 5 
3 4 5 6 7 8 0 I 2 
I 2 0 4 5 3 7 8 6 
5 3 4 8 6 7 2 0 I 
8 6 7 2 0 I 5 3 4 
2 0 I 5 3 4 8 6 7 
4 5 3 7 8 6 I 2 0 
7 8 6 I 2 0 4 5 3 
a2 
0 I 2 3 4 5 6 7 8 
2 4 0 8 I 6 5 3 7 
8 0 6 5 7 3 2 4 I 
7 6 5 4 3 8 I 0 2 
3 2 I 0 8 7 4 5 6 
4 3 8 I 0 2 7 6 5 
I 8 7 6 5 4 3 2 0 
5 7 3 2 6 0 8 I 4 
6 5 4 7 2 I 0 8 3 
a6 
0 I 2 3 4 5 6 7 8 
6 5 4 7 2 I 0 8 3 
I 8 7 6 5 4 3 2 0 
4 3 8 I 0 2 7 6 5 
5 7 3 2 6 0 8 I 4 
7 6 5 4 3 8 I 0 2 
8 0 6 5 7 3 2 4 I 
3 2 I 0 8 7 4 5 6 
2 4 0 8 I 6 5 3 7 
a3 
0 I 2 3 4 5 6 7 8 
3 4 5 6 7 8 0 I 2 
6 7 8 0 I 2 3 4 5 
2 0 I 5 3 4 8 6 7 
7 8 6 I 2 0 4 5 3 
4 5 3 7 8 6 I 2 0 
I 2 0 4 5 3 7 8 6 
8 6 7 2 0 I 5 3 4 
5 3 4 8 6 7 2 0 I 
a7 
0 I 2 3 4 5 6 7 8 
7 8 6 I 2 0 4 5 3 
5 3 4 8 6 7 2 0 I 
4 5 3 7 8 6 I 2 0 
6 7 8 0 I 2 3 4 5 
I 2 0 4 5 3 7 8 5 
8 6 7 2 0 I 5 3 4 
2 0 I 5 3 4 8 6 7 
3 4 5 6 7 8 0 I 2 
Plane V 
a3 
0 I 2 3 4 5 6 7 8 
3 2 I 0 8 7 4 5 6 
4 3 8 I 0 2 7 6 5 
8 0 6 5 7 3 2 4 I 
6 5 4 7 2 I 0 8 3 
I 8 7 6 5 4 3 2 0 
7 6 5 4 3 8 I 0 2 
2 4 0 8 I 6 5 3 7 
5 7 3 2 6 0 8 I 4 
a7 
0 I 2 3 4 5 6 7 8 
7 6 5 4 3 8 I 0 2 
3 2 I 0 8 7 4 5 6 
6 5 4 7 2 I 0 8 3 
I 8 7 6 5 4 3 2 0 
2 4 0 8 I 6 5 3 7 
5 7 3 2 6 0 8 I 4 
8 0 6 5 7 3 2 4 I 
4 3 8 I 0 2 7 6 5 
a8 
0 I 2 3 4 5 6 7 8 
8 0 7 6 5 4 3 2 I 
6 5 4 8 2 I 0 3 7 
5 7 3 2 8 0 4 I 6 
7 6 8 4 3 2 I 0 5 
3 2 I 0 6 7 8 5 4 
2 4 0 7 I 6 5 8 3 
4 3 5 I 0 8 7 6 2 
I 8 6 5 7 3 2 4 0 
a4 
0 I 2 3 4 5 6 7 8 
4 5 3 7 8 6 I 2 0 
8 6 7 2 0 I 5 3 4 
5 3 4 8 6 7 2 0 I 
2 0 I 5 3 4 8 6 7 
6 7 8 0 I 2 3 4 5 
7 8 6 I 2 0 4 5 3 
3 4 5 6 7 8 0 I 2 
I 2 0 4 5 3 7 8 6 
a8 
0 I 2 3 4 5 6 7 8 
8 6 7 2 0 I 5 3 4 
4 5 3 7 8 6 I 2 0 
7 8 6 I 2 0 4 5 3 
I 2 0 4 5 3 7 8 6 
3 4 5 6 7 8 0 I 2 
5 3 4 8 6 7 2 0 I 
6 7 8 0 I 2 3 4 5 
2 0 I 5 3 4 8 6 7 
a4 
0 I 2 3 4 5 6 7 8 
4 3 8 I 0 2 7 6 5 
5 7 3 2 6 0 8 I 4 
2 4 0 8 I 6 5 3 7 
8 0 6 5 7 3 2 4 I 
6 5 4 7 2 I 0 8 3 
3 2 I 0 8 7 4 5 6 
I 8 7 6 5 4 3 2 0 
7 6 5 4 3 8 I 0 2 
a8 
0 I 2 3 4 5 6 7 8 
8 0 6 5 7 3 2 4 I 
6 5 4 7 2 I 0 8 3 
5 7 3 2 6 0 8 I 4 
7 6 5 4 3 8 I 0 2 
3 2 I 0 8 7 4 5 6 
2 4 0 8 I 6 5 3 7 
4 3 8 I 0 2 7 6 5 
I 8 7 6 5 4 3 2 0 




0 I 2 3 4 5 6 7 8 
I 2 0 4 5 3 7 8 6 
2 0 I 5 3 4 8 6 7 
3 4 5 6 7 8 0 I 2 
4 5 3 7 8 6 I 2 0 
5 3 4 8 6 7 2 0 I 
6 7 8 0 I 2 3 4 5 
7 8 6 I 2 0 4 5 3 
8 6 7 2 0 I 5 3 4 
ns 
0 I 2 3 4 5 6 7 8 
5 3 4 8 6 7 2 0 I 
7 8 6 I 2 0 4 5 3 
4 5 3 2 0 I 7 8 6 
6 7 8 4 5 3 0 I 2 
2 0 I 6 7 8 5 3 4 
8 6 7 5 3 4 I 2 0 
I 2 0 7 8 6 3 4 5 
3 4 5 0 I 2 8 6 7 
nl 
0 I 2 3 4 5 6 7 8 
I 0 8 6 7 2 3 4 5 
2 8 0 I 6 7 4 5 3 
3 5 4 2 I 0 8 6 7 
4 7 6 5 8 3 I 2 0 
5 4 3 0 2 I 7 8 6 
6 3 7 8 5 4 2 0 I 
7 6 5 4 3 8 0 I 2 
8 2 I 7 0 6 5 3 4 
lls 
0 I 2 3 4 5 6 7 8 
5 3 7 8 0 I 2 6 4 
8 2 4 7 I 6 5 3 0 
6 7 8 4 3 2 I 0 5 
2 8 3 0 6 7 4 5 I 
I 0 5 6 7 8 3 4 2 
7·4 I 52 3 0 8 6 
4 5 6 I 8 0 7 2 3 
3 6 0 2 5 4 8 I 7 
Latin squares ilt. il2, 
and n9, defined by 
n2 
0 I 2 3 4 5 6 7 8 
2 0 I 5 3 4 8 6 7 
I 2 0 4 5 3 7 8 6 
6 7 8 0 I 2 3 4 5 
8 6 7 2 0 I 5 3 4 
7 8 6 I 2 0 4 5 3 
3 4 5 6 7 8 0 I 2 
5 3 4 8 6 7 2 0 I 
4 5 3 7 8 6 I 2 0 
n6 
0 I 2 3 4 5 6 7 8 
6 7 8 0 I 2 3 4 5 
3 4 5 6 7 8 0 I 2 
I 2 0 8 6 7 5 3 4 
7 8 6 5 3 4 2 0 I 
4 5 3 2 0 I 8 6 7 
2 0 I 7 8 6 4 5 3 
8 6 7 4 5 3 I 2 0 
5 3 4 I 2 0 7 8 6 
n3 
0 I 2 3 4 5 6 7 8 
3 4 5 6 7 8 0 I 2 
6 7 8 0 I 2 3 4 5 
2 0 I 7 8 6 4 5 3 
5 3 4 I 2 0 7 8 6 
8 6 7 4 5 3 I 2 0 
I 2 0 8 6 7 5 3 4 
4 5 3 2 0 I 8 6 7 
7 8 6 5 3 4 2 0 I 
n7 
0 I 2 3 4 5 6 7 8 
7 8 6 I 2 0 4 5 3 
5 3 4 8 6 7 2 0 I 
8 6 7 5 3 4 I 2 0 
3 4 5 0 I 2 8 6 7 
I 2 0 7 8 6 3 4 5 
4 5 3 2 0 I 7 8 6 
2 0 I 6 7 8 5 3 4 
6 7 8 4 5 3 0 I 2 
Plane VII 
n2 
0 I 2 3 4 5 6 7 8 
2 7 3 0 5 4 I 8 6 
5 0 8 6 7 I 3 4 2 
4 2 I 7 8 6 5 3 0 
7 4 5 I 2 8 0 6 3 
8 6 7 5 0 3 2 I 4 
I 5 6 4 3 0 8 2 7 
3 8 0 2 6 7 4 5 I 
6 3 4 8 I 2 7 0 5 
n6 
0 1 2 3 4 5 6 7 8 
6 2 4 5 I 3 8 0 7 
4 7 3 0 8 2 I 6 5 
7 8 6 I 5 4 0 2 3 
5 0 7 4 3 I 2 8 6 
2 3 0 8 6 7 4 5 I 
3 6 5 2 0 8 7 I 4 
8 4 I 7 2 6 5 3 0 
I 5 8 6 7 0 3 4 2 
n3 
0 I 2 3 4 5 6 7 8 
3 8 0 2 6 7 4 5 I 
I 5 6 4 3 0 8 2 7 
8 6 7 5 0 3 2 I 4 
6 3 4 8 I 2 7 0 5 
4 2 I 7 8 6 5 3 0 
5 0 8 6 7 I 3 4 2 
2 7 3 0 5 4 I 8 6 
7 4 5 I 2 8 0 6 3 
n7 
0 1 2 3 4 5 6 7 8 
7 6 5 4 3 8 0 I 2 
6 3 7 8 5 4 2 0 I 
5 4 3 0 2 I 7 8 6 
8 2 I 7 0 6 5 3 4 
3 5 4 2 I 0 8 6 7 
2 8 0 I 6 7 4 5 3 
I 0 8 6 7 2 3 4 5 
4 7 6 5 8 3 I 2 0 
n4 
0 I 2 3 4 5 6 7 8 
4 5 3 7 8 6 I 2 0 
8 6 7 2 0 I 5 3 4 
7 8 6 4 5 3 2 0 I 
2 0 I 8 6 7 3 4 5 
3 4 5 0 I 2 7 8 6 
5 3 4 I 2 0 8 6 7 
6 7 8 5 3 4 0 I 2 
I 2 0 6 7 8 4 5 3 
lls 
0 I 2 3 4 5 6 7 8 
8 6 7 2 0 I 5 3 4 
4 5 3 7 8 6 I 2 0 
5 3 4 I 2 0 8 6 7 
I 2 0 6 7 8 4 5 3 
6 7 8 5 3 4 0 I 2 
7 8 6 4 5 3 2 0 I 
3 4 5 0 I 2 7 8 6 
2 0 I 8 6 7 3 4 5 
n4 
0 I 2 3 4 5 6 7 8 
4 5 6 I 8 0 7 2 3 
7 4 I 5 2 3 0 8 6 
I 0 5 6 7 8 3 4 2 
3 6 0 2 5 4 8 I 7 
6 7 8 4 3 2 I 0 5 
8 2 4 7 I 6 5 3 0 
5 3 7 8 0 I 2 6 4 
2 8 3 0 6 7 4 5 
n" 
0 I 2 3 4 5 6 7 8 
8 4 I 7 2 6 5 3 0 
3 6 5 2 0 8 7 I 4 
2 3 0 8 6 7 4 5 I 
1 5 8 6 7 0 3 4 2 
7 8 6 I 5 4 0 2 3 
4 7 3 0 8 2 I 6 5 
6 2 4 5 I 3 8 0 7 
5 0 7 4 3 I 2 8 6 
••• , il8, together with the 'vertical' and the 'horizontal' squares il0 
indicate the 10 points of the line loo at infinity. The group of AG(2, 9) induces a permutation 
group on [ For our problem we need to know the action of this group on the 5-tuples 00 • 
of points. 
In Table 2 we have selected, for each affine plane, certain permutations of 
0 l 2 3 4 5 6 7 8 9 which leave the set of the Latin squares invariant, that is, which 
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TABLE 2. 
Some permutations 
0 I 2 · · · 9) 
( ao ai a2 . . . a9 
of 1 for the planes 1-VII 00 
For plane I 
0 4 8 5 6 I 7 2 3 9 
I 2 0 4 5 3 7 8 6 9 
9 I 2 6 5 4 3 8 7 0 
For plane II For plane III 
0 3 6 2 7 4 I 8 5 9 0 2 8 4 5 7 I 3 6 9 
0 4 8 5 2 6 7 3 I 9 0 3 7 8 2 I 4 6 5 9 
9 I 2 6 8 7 3 5 4 0 0 I 4 2 3 6 7 5 8 9 
0 I 2 5 3 4 7 8 6 9 0 6 5 I 2 7 9 4 8 3 
I 3 6 0 7 4 9 8 5 2 
For plane IV For plane V 
0 3 6 2 5 8 I 4 7 9 0 2 8 4 5 7 I 3 6 9 
0 4 8 7 2 3 5 6 I 9 0 3 7 8 2 I 4 6 5 9 
I 2 0 4 5 3 7 8 6 9 9 I 3 2 4 6 5 7 8 0 
0 2 I 3 5 4 6 8 7 9 6 I 0 3 4 5 9 7 8 2 
0 I 2 5 3 4 7 8 6 9 
For plane VI For plane VII 
0 I 2 6 7 8 3 4 5 9 0 2 I 7 4 5 8 3 6 9 
0 2 I 6 8 7 3 5 4 9 0 4 3 2 I 7 6 5 8 9 
I 2 0 4 5 3 7 8 6 9 0 7 6 5 8 3 2 I 4 9 
9 I 2 6 8 7 3 5 4 0 0 I 3 2 6 8 4 7 5 9 
0 I 2 5 3 4 7 8 6 9 0 2 I 6 9 5 3 8 7 4 
are induced by collineations of the corresponding affine plane. We have found these 
permutations on the basis of considerations of theoretical and heuristic nature (col­
lineations, changes of basis, transpositions, etc.). Their invariance was checked by com­
puter. It will become clear from Table 3 that the permutations from Table 2 suffice to 
distinguish between different orbits of 5-tuples, that is, between the corresponding graphs 
on 81 vertices. 
In Table 3 we have listed the 26 orbits of 5-tuples. We use the symbol X· abcde to 
denote the Latin squares na, nb, n, nd, n. of the affine plane X. This symbol and Table 
1 enable to construct the corresponding strongly regular graph. Latin squares in the same 
orbit yield isomorphic graphs. The orbit lengths listed in Table 3 add up to C5°) =252 
for each affine plane, indicating that our list is complete. 
How to show that the 26 graphs (81, 40, 19, 20) are nonisomorphic? The orbit of a 
5-tuple may or may not contain the complement of the 5-tuple. If so, then the resulting 
graph is self-complementary (notation: S). If not, then two nonisomorphic graphs evolve. 
These cannot be distinguished by counting 4-vertex subgraphs (Theorem 3.4), or by 
counting 5-cliques. However, we can distinguish as follows. Let K ( k, 1) denote the number 
of the complete bipartite subgraphs on k+ 1 vertices, hence K(5, 0) denotes the number 
of 5-cocliques. In addition, let K'(5, 0) denote the number of 4-cocliques (which together 
with the isolated vertex also yield 5-cocliques in the conference matrix of order 82). Table 
3 shows that most of the graphs have different sets of numbers K(3, 2), K(4, 1), K(5, 0), 
K'(5, 0), hence they are nonisomorphic. For the graphs 18 and 19 the sets are the same 
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TABLE 3. 
The 26 graphs (81,40, 19,20) 
No Mols Compi !Orbit! K(3,2) K(4,1) K(5, 0) K'(5,0) 
1.01239 s 180 229392 92016 14742 21222 
=11.01239 60 
2 1.01359 s 72 233280 87480 16038 21870 
3 11.01234 s 160 228744 83916 16038 21546 
4 11.01345 s 32 226800 90720 14580 21060 
5 111.01234 6 72 225424 87680 14638 21486 
6 111.12348 5 72 225376 87704 14662 21486 
7 111.01236 8 54 226704 86160 15014 21526 
8 III.l2345 7 54 226256 86384 15238 21526 
9 IV.OI234 10 72 224496 87840 14814 21438 
=Vl.34567 6 
10 IV.OI239 9 72 225360 87408 14382 21438 
=VI.OI239 6 
II IV.OI236 12 54 228240 84816 16614 21654 
12 IV.OI349 II 54 230544 83664 15462 21654 
13 V.OI234 s 32 225680 87760 14660 21540 
14 V.OI235 s 160 225784 86780 14902 21498 
15 V.OI268 s 60 225808 87984 14678 21478 
16 VI.OI234 17 24 227304 85248 15138 21546 
17 VI.03456 16 24 226440 85680 15570 21546 
18 VI.OI236 19 36 226512 87012 14994 21510 
19 VI.03467 18 36 226512 87012 14994 21510 
20 VI.OI348 s 36 227520 85464 15462 21582 
21 VI.01345 s 12 227016 84564 15408 21654 
22 VI.01346 s 72 224064 90432 13050 21294 
23 VII.OI234 24 54 226424 86652 14866 21510 
24 Vll.l2348 23 54 225968 86880 15094 21510 
25 Vl1.01235 26 72 225248 88138 14588 21438 
26 VII.I2345 25 72 225320 88102 14552 21438 
and a more detailed examination was necessary (which we omit). So we have: 
THEOREM 4.1. The 26 graphs (81, 40, 19, 20) derived from Table 3 are pairwise non­
isomorphic. 
We now extend each graph by an isolated vertex to a conference matrix of order 82. 
THEOREM 4.2. The 26 conference matrices oforder 82 obtainedfrom Table 3 are pairwise 
nonequivalent. 
Indeed, for all pairs of nonisomorphic complementary graphs the number K'(5, 0) of 
5-cocliques containing the is.olated vertex is unique in the sense of Theorem 3.3. Therefore, 
the corresponding matrices must be nonequivalent. In the remaining cases the total number 
of 5-cocliques is decisive. 
REMARK. The graph of case 2 is the transitive Paley graph f2], and the conference 
matrix corresponds to the 2-transitive Paley two-graph on 82 vertices [5]. 
Given a conference matrix of order 82, constructed from a graph (81, 40, 19, 20) and 
the isolated vertex x, switching may suitably be used to isolate any other vertex y. The 
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graph obtained by deleting y is again strongly regular with parameters (81, 40, 19, 20). It 
may or may not be isomorphic to the starting graph. In the Paley case we do not obtain 
any new 81-graphs in this way. However, in the other cases we do. We omit further details 
and state the result. 
THEOREM 4.3. The 26 conference matrices of order 82 yield 175 nonisomorphic strongly 
regular graphs (81, 40, 19, 20). 
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